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ABSTRACT 

Frandtl's  membrane  analogy   is  useful   for   solving   some  problems   of 
elasticity.      Since  the  material,   approaching  the  properties   of   a  mem- 
brane  that  has  been  used  in  the  past  is   soap  film,    this   analogy  has  been 
difficult  to  apply  due  to   instability  of  the  membrane.      In  order  to   over- 
come this   instability  problem,   plastic  films  have  been  investigated.      Appli- 
cation of  this  analogy   is  made  to   a  problem  with  a  knovm  solution  using 
different  membrane  materials  and  different  methods   of  measurement.      The 
apparatus  and  technique   in  using  plastic  film  in  Frandtl's  membrane 
analogy  is   described  and  the   inherent  error  of   a  plastic  film  membrane 
is  discussed. 

The  writer  wishes  to  express  his  appreciation  for  the   assistance 
and  encouragement  given  him  bj    Dr.  David  W.   Lewis  of   the  U.S.   Naval  Post- 
graduate  School   in  this   investigation. 
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1.   Introduction. 

The  -nembrane  analogy  permits  an  experimental  approach  to  the  solution 
of  Laplace's  equation  and  Poisson's  eouation  which  is  particularly  val- 
uable for  certain  problems  for  ivhich  an  analytical  approach  is  difficult. 
It  has  been  used  most  widely  in  theory  of  elasticity,  involving  Saint- 
Venant's  theory  of  torsion  and  flexure,  and  to  some  extent  in  heat  trans- 
fer. 

The  "pressure  analogy"  was  first  proposed  by  Prandtl  (l)  in  1903  and 
later  performed  by  Anthes  (2)  who  used  a  pressure  soap  film  to  solve  a 
variety  of  torsion  problems  in  1906.   In  1917  Griffith  and  Taylor  (3,4) 
worked  with  the  pressure  membrane  analogy  and  delineated  the  use  of  the 
"zero  pressure"  membrane  analogy.   Since  the  first  experiments  by  Anthes 
numerous  researchers  have  worked  with  this  analogy.   T.J.  Higgins  (5) 
gives  a  very  good  synopsis  of  their  works  up  to  1944.  M.  Hetenyi  (6) 
gives  a  detailed  description  of  application  of  this  analogy  to  problems 
of  torsion  and  flexure.   Schneider  (7)  describes  the  use  of  this  analogy 
to  heat  transfer. 

In  general  the  membrane  used  in  actual  performance  of  this  analogy 
has  been  of  three  kinds: 
Soap  film 
Rubber 
Meniscus  of  separation  between  two  immiscible  liquids. 

Soap  films  have  been  used  extensively  both  in  the  "pressure"  and 
"zero  pressure"  analogies,  mainly  because  tension  (arising  from  surface 
tension)  is  nearly  uniform  throughout.   Unfortunately,  soap  films  are 
tedious  to  handle,  requiring  indirect  methods  of  measurement.  M.  Hetenyi 
(6),  in  listing  the  various  inherent  errors  in  using  soap  films,  states, 
that  the  expected  total  error  probably  is  in  the  order  of  5%. 

Rubber  membranes  have  the  advantage  of  lasting  indefinitely.  Also, 
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as  they  are  capable  of  carrying  a  relatively  large  tension  the  error 
introduced  in  the  membrane  by  sag  due  to  weight  is  decreased,  M,  Hetenyi 
(6)  states  the  accuracy  obtained  from  a  rubber  membrane  probably  is  in  the 
order  of  2%,      Thus  the  rubber  membrane  has  definite  advantages  over  the 
soap  film. 

It  is  the  purpose  of  this  paper  to  investigate  other  materials  for 
use  as  membranes.  The  objective  will  be  to  find  a  material  that  will  be 
stable  yet  approach  the  properties  of  a  perfect  membrane.  Such  a  material 
will  decrease  the  complication  of  measuring  equipment  thereby  increasing 
accuracy  of  measurement. 


2.  Membranes. 

The  use  of  a  plastic  material  as  a  membrane  has  two  disadvantages. 
First,  the  density  of  a  plastic  is  high  by  the  nature  of  its  molecular 
structure  of  long  molecules.   Secondly,  for  the  same  reason  it  is  also 
non- isotropic  (8,9).  The  weight  will  be  essentially  overcome  by  obtain- 
ing relatively  high  tension  throughout  the  membrane.   If  the  tension  in 
membrane  is  sufficiently  high  to  be  above  the  proportional  limit  in  the 
flat  portion  of  the  stress-strain  curve,  the  directional  properties  will 
be  reduced  to  a  minimum.  The  approach  then  is  to  apply  the  membrane  to 
a  model  obtaining  a  high  uniform  tension. 

The  author  considered  the  following  two  types  of  plastic  film 
materials:  (l)  "microfilm"  as  used  by  model  airplane  builders 

(2)  commercially  available  plastic  film. 
The  first  material  considered  is  a  material  used  by  indoor  model  air- 
pi  ■■■ne  builders  ( 10,11)  and  consists  of  lacquer  such  as  automobile 
lacquer  or  airplane  nitrate  dope  with  castor  oil  as  a  plasticizer.   This 
type  of  film  material  proved  to  be  delicate  to  handle  and  was  not  com- 
pletely investigated,  the  author  prefering  a  more  stable  material. 

The  second  type  of  plastic  film  material  considered  consists  of  the 
three  following  commercially  available  plastic  films: 

a)  Alathon-  duPont1 s  polyethylene 

b)  Saran-  Dow  Chemical's  polyvinylidene  chloride  (Sa ran  Wrap) 

c)  Mylar-  duPont1 s  polyethylene  terephthalate 

It  is  this  second  type  of  plastic  film,  the  above  three  commercially 
available  films,  -that  will  be  discussed  in  the  remainder  of  this  paper. 
In  applying  the  plastic  film  to  the  model,  an  adhesive  (Goodyear- 
Pliobond)  which  holds  upon  contact  yet  remains  reasonably  pliable  for 
approximately  10  minutes  after  application  was  applied  to  the  model 
inch  below  the  outside  edge.   The  film  was  then  stretched  pver  the 
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model  by  hand,  requiring  judgment  as  to  the  uniformity  of  tension.   To 
obtain  a  high  tension  in  the  membrane  the  film  was  stretched  until  it 
began  to  tear  at  the  gripping  point.  After  the  film  had  b'  en  applied  to 
the  model  the  inherent  characteristics  of  the  plastic  were  used  to  obtain 
a  more  uniform  tension.   Each  of  the  three  plastic  films,  Saran,  Alathon, 
and  Mylar  are  discussed  below. 

Saran  is  the  trade  name  of  Dow  Chemical's  copolymer  of  vinylidene 
chloride  often  seen  as  Saran  Wrap.   It  is  considered  to  be  one  of  the  most 
inert  thermoplastics,  having  excellent  resistence  to  chemical  reaction 
(12).   The  actual  film  that  was  used  was  Saran  Wrap,  having  a  thickness 
of  .0005  inches  and  a  tensile  strength  of  approximately  1,800  psi. 
Saran  Wrap  proved  to  be  a  poor  membrane  material  since  the  author  was 
unable  to  obtain  a  sufficiently  uniform  tension  in  the  membrane. 

Alathon  is  the  trade  name  of  duPont1 s  polethylene  plastic.   The 
Alathon  film  that  was  used  had  a  thickness  of  .00125  inches  and  a  tensile 
strength  of  approximately  1,700  psi.  (12).   In  order  to  obtain  a  more 
uniform  tension  in  the  Alathon  membrane  the  model  was  placed  in  an  oven 
and  allowed  to  soak  at  195°F  for  6  hours,  thus,  relying  on  the  tendency 
6f  the  plastic  to  return  to  its  original  dimension  at  elevated  tempera- 
tures (Memory  characteristics)  (8). 

Mylar  is  the  trade  name  of  duPont1 s  polyethylene  terephthalate 
plastic,  a  polyester.   The  Mylar  film  that  was  used  had  a  thickness  of 
.0015  inches  and  a  tensile  strength  of  approximately  20,000  psi.  (12). 
Although  Mylar  resists  most  solvents  it  was  found  that  acetone  is  a 
solvent  for  this  plastic.  The  effect  of  the  acetone  is  to  cause  a 
certain  amount  of  shrinkage  of  the  film  depending  upon  the  length  of 
time  the  solvent  is  allowed  to  be  in  contact  with  it.  As  the  solvent 
acts  to  dissolve  the  film,  the  film  becomes  rubbery.   It  would  first 
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appear  that  a  better  membrane  would  be  obtained  if  the  Mylar  were  applied 
to  the  model  during  the  rubbery  state,  but  since  the  effort  required  to 
stretch  the  film  is  slight,  uniformity  is  harder  to  control.  Although 
it  is  felt  that  if  protrusions  in  the  model  (such  as  the  center  piece  in 
the  zero  pressure  model,  described  in  Appendix  III)  were  absent  the  ten- 
sions would  more  nearly  equalize  throughout  the  film  after  application. 
It  was  found  that  a  better  membrane  could  be  obtained  if  the  Mylar  were 
stretched  over  the  model  prior  to  using  the  acetone.  Using  the  acetone 
with  the  film  on  the  model  caused  the  film  to  collapse  completely,  but 
upon  shrinking  the  film  obtains  a  more  uniform  tension.   The  application 
of  the  film  to  the  zero  pressure  model  is  illustrated  in  Figs,  (l)  to 
(6)»  Application  of  the  film  to  the  square  pressure  model  (as  described 
in  Appendix  III)  was  done  in  a  similar  manner  as  described  above  but  de- 
creasing the  duration  of  time  of  contact  of  the  acetone  with  the  film. 
This  was  done  in  order  to  prevent  rupture  of  the  membrane  on  the  sharp 
corners  of  the  model  upon  increase  of  stress  due  to  pressure. 
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MATERIALS  USED  IN  Ah  f LYING  MYLAR  FILM  TO  A  MODEL 

FIG,    1 


MYLAR  PARTIALLY  STRETCHED  OVER  A  MODEL 
FIG.  2 


MYLAR  STRETCHED  OVER  THE  MODEL  AND  SECIR  ED  WI TH  A  WIRE 

FIG.  3 
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METHOD  OF  SOAKING  THE  MYIAR  UNIFORMLY  WITH  ACETONE 

FIG,  4 


CT  OF  THE  ACETONE  ON  THE  ?vTLAR  MEMBRANE 
FIG.    5 
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FINAL  MYLAR  MEMBRANE 
FIG,   6 
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3.  Measuring. 

The  measuring  apparatus  consisted  of  a  milling  machine  with  a  re- 
volving indexing  table  and  a  micrometer  head,  with  a  range  of  one  inch, 
capable  of  measuring  ten  thousandths  of  an  inch  (Fig.  7).   The  milling 
machine  permitted  movement  of  the  model  in  three  mutually  perpendicular 
directions,  and  the  revolving  table  allowed  rotation  of  the  model  about 
one  axis.   The  micrometer  was  fitted  v.ith  a  tapered  point  made  from 
stainless  steel  and  was  used  in  the  measurement  of  the  height  of  the 
membrane  surface.   The  micrometer  was  attached  to  the  overarm  assembly 
of  the  milling  machine  with  a  bracket  (Fig.  7).   The  bracket  was  squared 
with  the  revolving  table  and  the  micrometer  centered  with  the  table  by 
adjusting  the  overarm.  The  lateral  and  transverse  verniers  of  the  mill- 
ing machine  table  were  recorded  at  the  center  so  that  it  could  always  be 
brought  back  to  the  center  position.  A  dial  indicator  positioned  against 
the  work  table  and  the  machine  was  used  to  check  the  accuracy  of  the 
machine  verniers.   It  was  found  that  the  lateral  vernier  was  in  error 
by  0.0005  inches.   In  order  to  reduce  the  error  the  dial  indicator  was 
used  exclusively,  allowing  only  lateral  movement  of  the  revolving  table. 
This  restricted  locating  the  micrometer  point  only  to  radial  directions 
from  the  center  of  the  revolving  table,  but  permitted  positioning  the 
point  more  accurately  since  the  dial  indicator  could  be  read  to  within 
0.0005  inches.  This  presented  no  problem  since  the  choice  of  models 
(Appendix  III)  permitted  reading  the  membrane  surface  in  the  radial 
direction  as  a  check  against  the  theoretical  solution. 

Prior  to  placing  a  membrane  on  the  model,  the  model  was  centered 
on  the  table.  A  dial  indicator  was  then  placed  in  such  a  position  as 
to  bear  on  the  outer  boundary  of  the  model  and  to  indicate  variation  in 
height  of  the  boundary.   The  model  was  then  adjusted  so  that  inaccuracies 
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Measuring  Apparatus 
FIG.    7 
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in  the  revolving  table  would  be  cancelled  by  inaccuracies  in  the  model, 
obtaining  minimum  error  in  height  of  the  outer  boundary  of  the  model. 
To  permit  replacing  the  model  in  the  same  position  the  model  and  re- 
volving table  were  marked  at  the  same  radial  position  by  a  light  scratch. 

Two  methods  were  used  to  indicate  contact  between  the  end  of  the 
micrometer  point  and  the  surface  of  the  membrane.   The  first  method  was 
by  eye  with  the  help  of  a  magnifying  glass.   In  this  method  it  was  neces- 
sary to  position  the  eye  relative  to  the  source  of  light  (regular  over- 
head lights)  so  that  tl  e  point  of  the  micrometer  would  touch  on  the  edge 
of  the  light  reflection.   The  point  touching  the  membrane  surface  would 
cause  the  reflection  to  be  distorted.   The  best  procedure  was  to  run  the 
point  to  the  surface  of  the  membrane,  adjusting  slowly,  until  there  was 
a  very  slight  distortion  in  the  light  reflection,  then  backing  off  on 
the  micrometer  until  distortion  had  disappeared.   The  consistency  of  this 
method  varied  from  #0002  inches  to  .0003  inches,  varying  with  increase 
in  slope  of  the  membrane •  The  disadvantage  of  this  method  was  that  near 
the  boundary,  where  the  membrane  made  contact  with  the  model,  distortion 
of  the  membrane  could  not  be  as  easily  detected.   This  was  not  a  serious 
disadvantage  where  the  boundary  was  flat,  and  higher  than  the  membrane 
surface.   In  the  center  of  the  circular  models  the  boundary  readings 
were  taken  v/ith  the  aid  of  a  hard  steel  shim1  (.002  inches).   In  using 
the  shim  the  micrometer  point  was  positioned  .01  inches  inside  the  edge 
of  the  upper  boundary  of  the  circular  model  prior  to  taking  the  boundary 
reading.  This  was  done  in  order  to  keep  the  shim  flat.  Where  the  mem- 
brane approached  the  boundary  from  a  higher  elevation,  evidence  of  dis- 


The  hard  steel  shim  was  used  to  prevent  the  stainless  steel  point 


from  burying  into  the  film. 
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tortion  was  slight  and  depended  upon  the  membrane  being  used  whether  or 

p 

not  it  could  be  detected  without  resorting  to  the  use  of  a  microscope  • 

The  second  method  used  to  indicate  surface  contact  was  by  use  of  an 
electrical  circuit  (Fig.  8).   The  membrane  surface  was  first  sprayed  with 
silver  paint  (approximately  6  parts  acetone  to  1  part  silver  paste).  The 
model  was  wrapped  on  the  outside,  just  below  the  outer  boundary,  with  a 
conductor.  A  thick  coat  of  silver  paste  was  applied  over  the  conductor. 
At  several  points  on  the  outer  boundary  silver  paste  was  applied  to  make 
contact  with  the  surface  of  the  membrane.  The  model  was  set  up  on  the 
machine  as  in  the  previous  method  and  the  circuit  connected  as  shown  in 
Fig.  8.   Contact  of  the  micrometer  point  with  the  membrane  surface  was 
evidenced  by  an  indication  of  voltage  on  the  vacuum  tube  voltmeter. 
The  advantage  of  this  method  over  the  previous  method  was  the  ease  of 
measuring  the  boundary  of  the  model.   Using  an  electrical  circuit  opens 
other  possible  methods  for  indication  of  contact  such  as  using  a  buzzer 
which  would  prevent  distraction  of  the  eyes  from  the  surface  of  the  mem- 
brane and  micrometer  point.   In  using  a  buzzer  it  would  probably  be  nec- 
essary to  use  an  amplifier,  since  very  low  currents  would  be  required  to 
prevent  the  conducting  surface  from  getting  hot  and  scorching  at  the 
point  of  contact  of  the  micrometer  point  and  membrane  surface.   The  sur- 
face of  the  membrane  was  found  to  vary  in  resistence,  conducting  any- 
where from  2  amperes  to  approximately  ,1  amperes  from  a  1.5  volt  D.C, 
source.   The  best  procedure  for  using  this  method  was  to  slowly  adjust 
the  micrometer  point  until  the  voltmeter  indicated  a  voltage  and  then 
backing  off  until  contact  was  lost.  With  the  micrometer  point  in  this 
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This  was  necessary  both  in  Polyethylene  and  Saran  Wrap  but  not  in 

Mylar 
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position  the  voltmeter  would  sometimes  flicker.      The   consistency  of 
this  method  was  within  0.0002  inches. 


-  1.5v 
Battery 


Micrometer 


Model 


Diagram  of  Electrical  Measuring  Circuit 
FIGURE  8 
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4,   Zero  Pressure  Analogy. 

In  order  to  test  a  material  as  a  membrane  the  zero  pressure  analogy 
was  used.   This  alleviated  the  necessity  for  pressure  apparatus  and 
associated  difficulties.   The  solution  of  a  membrane  stretched  over  a 
model  with  two  concentric  circular  boundaries  as  given  in  Appendix  I 
was  taken  as  a  comparative  solution  with  "the  membrane  analogy. 

Two  models  with  an  outside  diameter  of  5  inches  and  an  inside  diam- 
eter of  1  inch,  as  shown  in  Appendix  III,  were  manufactured.   The  first 
model,  designated  Model  A,  was  made  with  the  inner  boundary  #1997 
(— «0005)  inches  above  the  outer  boundary  giving  a  maximum  membrane  angle 
of  approximately  13  degrees.   The  second  model,  designated  Model  B,  was 
made  with  the  inner  boundary  .3997  (i.0005)  inches  above  the  outer  bound- 
ary giving  a  maximum  membrane  angle  of  approximately  24  degrees.   The 
purpose  of  the  higher  irmer  boundary  of  Model  B  was  to  aid  in  detecting 
the  variation  of  the  solution  with  increase  in  membrane  angle.   Griffith 
and  Taylor  (3)  found  with  their  apparatus  the  greatest  accuracy  to  be 
obtained  when  the  membrane  inclination  was  about  20  degrees.   T.J. 
Higgins  (5)  states  that  the  inclination  should  not  be  much  greater  than 
30  degrees  in  order  to  satisfy  the  assumptions  made  by  Prandtl  (l)  in 
the  analogy.   The  comparisons  of  the  experimental  data  with  the  theoret- 
ical membrane  curve  using  the  three  plastic  film  materials  (Saran,  Ala- 
thon,  and  Mylar)  are  discussed  below.   Unless  otherwise  stated  all  data 
was  obtained  by  the  first  method  of  measurement  as  explained  in  Section 
3. 

The  comparison  of  the  experimental  data  of  Saran  Wrap  and  the  theo- 
retical curve  of  Model  A  is  shown  in  Fig.  9.   Since  Saran  Wrap  proved 
to  be  a  poor  membrane  material  it  is  shown  to  illustrate  the  effect  of 
an  unequal  tension  in  the  film  and  the  ability  of  the  film  to  support 
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shear.   It  is  doubtful  if  this  film  has  been  sufficiently  stretched 
over  the  model  to  insure  it  to  be  in  the  plastic  state  of  stress. 

Experimental  data  obtained  from  Alathon  stretched  over  Model  A  is 
compared  with  the  theoretical  membrane  in  Fig.  10  and  Table  1.  It  was 
heat  treated  as  explained  previously  in  Section  2,  The  range  of  error 
for  this  membrane  is  -.0017  inches  to  +.0032  inches.  A  negative  error 
indicates  the  experimental  membrane  surface  to  be  below  the  theoretical 
membrane  surface  and  a  positive  error  above  the  theoretical  surface. 
The  above  results  are  the  results  of  one  membrane. 

Experimental  data  obtained  from  Mylar  stretched  over  Model  A  is 
compared  with  the  theoretical  membrane  in  Fig.  11  and  Table  2.  The 
range  of  error  for  this  membrane  is  -.0016  inches  to +  .001 5  inches. 
The  results  obtained  above  are  the  results  of  one  membrane  treated  as 
explained  in  Section  2  for  Mylar.  Fig.  12  with  Tables  3  and  4  show 
the  comparison  of  the  experimental  data  obtained  prior  to  treatment 
of  the  Mylar  (Table  3)  and  after  treatment  as  explained  in  Section  2 
(Table  4)  with  the  theoretical  membrane  surface  of  Model  B.   The  re- 
sults of  Table  3  show  a  range  of  error  of  +.0043  to  -.0039  as  com- 
pared to  the  range  of  error  of  +.0006  to  -.0036  of  Table  4  after  treat- 
ment. Table  5  shows  the  results  of  the  same  Mylar  membrane  from  which 
the  results  of  Table  4  were  obtained  except  the  electrical  circuit  as 
explained  in  Section  3  was  used  to  read  the  experimental  membrane  sur- 
face height.   Table  5  shows  the  range  of  error  to  be + .0007  inches  to 
-.0023,  indicating  the  electrical  method  to  be  more  accurate  than  read- 
ing the  membrane  optically.   Table  3  is  "the  best  results  of  two  mem- 
branes, A  second  membrane  of  Mylar  on  Model  B  had  a  range  of  error  of 
+.0009  inches  to  -.0042  inches  with  maximum  negative  and  maximum  posi- 
tive error  in  the  same  position  as  for  the  membrane  of  Table  4. 
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Examining  the  solution  of  a  heavy  membrane  stretched  over  a  model 
v/ith  concentric  circular  boundaries  as  shown  in  Appendix  II  it  is 
noted  that  the  deviation  of  the  solution  from  that  of  a  weightless  mem- 
brane is  dependent  in  part  upon  the  ratio  of  the  weight  per  unit  area 
(A)  to  the  tension  in  the  membrane  per  inch  (S).   The  heaviest  material 
used  in  this  investigation  (the  silver  coated  My]ar)  was  found  to  have 
a  weight  per  unit  area  of  2X10~  (lbs/in. \  Assuming  that  the  tension  in 
the  membrane  is  20,000  psi.   this  ratio  is  in  the  order  of  10"  •   There- 
fore the  effect  of  weight  is  negligible  and  does  not  contribute  appre- 
ciably to  the  error  of  the  experimental  membrane • 

The  greatest  error  in  the  membrane  is  due  to  the  ability  of  the 

material  to  support  bending.   This  is  indicated  by  the  positive  error 

evrov 
or  small  negativeA(090°  radial  directions  of  Table  4  and  5)  near  the 

outer  edge  where  material  is  bent  over  the  edge  of  the  model.   It  is 
also  indicated  near -the  inner  boundary  of  Model  A  in  Table  2.   The  neg- 
ative error  of  Model  B  (Table  4)  near  the  inner  boundary  is  attributed 
to  its  larger  membrane  angle.  Near  the  inner  boundary  where  there  is 
maximum  rate  of  change  of  curvature  the  tendency  of  the  membrane  to  re- 
main in  the  direction  of  tension  overcomes  the  bending  of  the  membrane 
over  the  inner  boundary. 


3 
This  is  a  fair  assumption  since  the  tensile  strength  of  Mylar  is 

20,000  psi.  and  the  membrane  is  stretched  until  rupture  starts  at  the 

gripping  point. 


19 


;*  K 

^        ft      ^ 

u\* 

t 

i  ^    ;"  "^ 

^   €  f     *    u- 

^^  >      ^ 

N|    * 

za 


Table  1 
Alathoa  -  Model  A 
Range  or  error  (+.0032  in.  to  -.0017) 


Radius 

Theory- 

000° 

Error 

045° 

Error 

090* 

Error 

inches 

inches 

inches 

inches 

inches 

inches 

inches 

inches 

2.5 

.0000 

.0000 

.0000 

.0000 

.0000 

.0000 

.0000 

2.4 

.0051 

.0060 

+.0009 

.0057 

+.0006 

.0057 

+.0006 

2.3 

.0103 

.0114 

+.0011 

.0111 

+.0008 

.0111 

+.0008 

2.1 

.0216 

.0231 

+.0015 

.0222 

+.0006 

.0223 

+.0007 

1.8 

.0407 

.0431 

+.0024 

.0412 

+.0005 

.0410 

+.0003 

1.5 

.0634 

.0666 

+.0032 

.0639 

+.0005 

.0636 

+.0002 

1.2 

.0910 

.0947 

+.0037 

.0912 

+.0002 

.0908 

-.0002 

.9 

.1267 

.1298 

+.0031 

.1260 

-.0007 

.1258 

-.0009 

.7 

.1579 

.1599 

+.0020 

.1570 

-.0007 

.1566 

-.0013 

.6 

.1774 

.1769 

-.0005 

.1762 

-.0012 

.1757 

-.0017 

.5 

.1996 

.1999 

+.0003 

.1994 

-.0002 

.2000 

+.0004 
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Table  2 

Myl 

ar  -  Model 

A 

Range 

or  error 

(+.0015  in 

•  to  -. 

0016  in.) 

Radius 
inches 

Theory- 
inches 

000° 
inches 

Error 
inches 

045° 

inches 

Error 
inches 

090° 

inches 

Error 
indies 

2.5 

.0000 

.0000 

.0000 

.0000 

.0000 

.0000 

.0000 

2.4 

.0051 

.0056 

+-.0005 

.0051 

.0000 

.0054 

+.0003 

2.3 

.0103 

.0104 

+.0001 

.0104 

+0001 

.0101 

.0000 

2.1 

.0216 

.0213 

-.0003 

.0213 

-.0003 

.0211 

-.0005 

1.9 

.0340 

.0332 

-.0008 

.0335 

-.0005 

.0332 

-.0008 

1.8 

.0407 

.0393 

-.0014 

.0398 

-.0009 

.0395 

-.0012 

1.5 

.0634 

.0618 

-.0016 

.0624 

-.0010 

.0621 

-.0013 

1.2 

.0910 

.0889 

-.0011 

.0900 

-.0010 

.0898 

-.0012 

.9 

.1267 

.1258 

-.0009 

.1273 

+.0006 

.1267 

.0000 

.7 

.1578 

.1582 

+.0004 

.1593 

+.0015 

.1585 

+  0007 

.6 

.1774 

.1776 

+.0002 

.1786 

+  0012 

.1784 

+.0010 

.5 

.1996 

.1998 

+.0002 

.1995 

-.0001 

.1993 

-.0003 
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Range 


Table  3 
Mylar  (untreated)  -  Model  B 
of  Error  (+.0043  in.  to  -.0039 in) 


Radius 
inches 

Theory- 
inches 

000° 
inches 

Error 
inches 

045" 
inches 

Error 
inches 

090" 
inches 

Error 
inches 

2.5 

.0000 

.0000 

.0000 

.0000 

.0000 

.0000 

.0000 

2.5 

.0101 

.0110 

+.0009 

.0108 

+.0007 

.0102 

+.0001 

2.3 

.0207 

.0223 

+.0016 

.0212 

+.0005 

.0203 

-  0004 

2.1 

.0433 

.0452 

+.0019 

.0438 

+.0005 

.0421 

-.0012 

1.8 

.0816 

.0845 

+.0029 

.0827 

+.0011 

.0793 

-.0023 

1.5 

.1269 

.1312 

+.0043 

.1278 

+.0011 

.1230 

-.0039 

1.2 

.1823 

.1866 

+.0043 

.1836 

+.0013 

.1786 

-.0037 

.9 

.2537 

.2578 

+.0041 

.2554 

+.0017 

.2503 

-.0034 

.7 

.3161 

.3187 

+.0026 

.3164 

+.0003 

.3137 

-.0024 

.6 

.3552 

.3567 

+.0015 

.3552 

.0000 

.3537 

-.0015 

.5 

.3997 

.3997 

.0000 

.3999 

+.0002 

.3999 

+.0002 
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Range 


Radius 

Theory- 

inches 

inches 

2.5 

.0000 

2.4 

.0101 

2.3 

.0207 

2.1 

.0433 

1.8  . 

.0816 

1.5 

.1269 

1.2 

.1823 

.9 

.2537 

.7 

.3161 

.6 

.3552 

.5 

.3997 

Table  4 

Mylar  -  Model  B 

of  error  (+-.0006  in.  to  -.0036in.) 

000"    Error  045^  Error  090°  Error 

inches   inches   inches  inches  inches  inches 

.0000    .0000  .0000    .0000  .0000    .0000 

.0107   +.0006  .0104  +.0003  .0101    .0000 

.0210   +.0003  .0208  +.0001  .0201  -.0006 

.0437   +.0004  .0436  +.0003  .0427  —.0006 

.0820   +.0004  .0818  +.0002  .0810  -.0006 

.1270   +.0001  .1269    .0000  .1256  -.0013 

.1816   -.0007  .1818  -.0005  .1801  -.0021 

.2526   —.0011  .2524  -.0013  .2513  -.0024 

.3136   -.0025  .3136  -.0025  .3125  -.0036 

.3535   -.0017  .3533  -.0019  .3528  -.0024 

•  3997    .0000  .3999  +.0002  .3999  +.0002 
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Table  5 
Mylar  (electrical)  -  Model  B 
Range  of  error  (+.0007  in.  to  -.0023  in.) 


Radius 
inches 

Theory 
inches 

2.5 

.0000 

2.4 

.0101 

2,3 

.0207 

2.1 

.0433 

1.8 

.0816 

1.5 

.1269 

1.2 

.1823 

.9 

.2537 

.7 

.3161 

.6 

.3552 

.5 

.3997 

000' 


Error 


inches  inches 

.0000  .0000 

.0100  —.0001 

.0208  +.0001 

.0425  -.0008 

.0815  -.0001 

.1270  +.0001 

.1827  +.0004 

.2540  +.0007 

.3152  -.0009 

.3543  -.0019 

.3999  +.0002 


045  Error 

inches  inches 

.0000  .0000 

.0101  .0000 

.0203  -.0004 

.0424  -.0009 

.0813  -.0003 

.1260  -.0009 

.1826  +.0003 

.2539  +.0002 

.3146  -.0015 

.3537  -.0015 

.3993  -.0004 


090° 

Error 

inches 

inches 

.0000 

.0000 

.0098 

-.0003 

.0199 

-.0008 

.0418 

-.0015 

.0798 

-.C018 

.1246 

-.0023 

.1813 

-.0010 

.2526 

-.0011 

.3142 

-.0019 

.3536 

-.0018 

.3999 

+.0002 
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5.  1 ressure  Lemjrane  Analogy. 

i'or  tho  pressure  membrane  analogy  a  square  model  was  used.  The 
model,  designated  Model  C  and  shown  in  Appendix  III,  was  4.5  inches 
square.   It  was  fitted  -with  an  air-tight  connection  permitting  the  con- 
nection of  a  plastic  tube  for  applying  pressure. 

Mylar  was  used  as  the  membrane  material  and  applied  as  in  Section 
After  application  of  the  Mylar  the  model  was  checked  for  air  tightness. 
This  was  accomplished  by  placing  the  model  in  a  shallow  container  filled 
with  water  to  approximately  one-half  inch  above  the  top  of  the  model.  A 
slight  pressure  was  applied  orally  through  the  plastic  tube.   Bubbles  of 
air  indicated  the  location  of  any  leaks.   The  leaks  were  stopped  by  spar- 
mgly  applying  some  of  the  adhesive,  Pliobond,  at  their  location.   The 
majority  of  the  leaks  occurred  at  the  corners. 

The  general  expression  for  the  deflection  surface  of  a  membrane  on 
a  rectangular  model  (13)  is 


z= 


^77- 


-/    n 


{?(-!)*  II-^/?"1^?^  J  Co*  hlr* 


Cosh  (n  irb/2a) 


'.There  Z  -  height  of  membrane  surface  (in.) 
q  -  pressure  (psi) 
S  -  tension  in  the  membrane/in.  (psi/in.) 


2.   u 
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The  pressure  membrane  analogy  was  compared  with  the  solution  of  the 
above  equation  for  a  square  in  three  radial  directions  (width,  breadth 
and  diagonal)  from  the  center,  as  shown  in  Fig.  13,  The  height  of  the 

membrane  in  the  center  of  the  model  after  application  of  pressure  was 

/bqCL 

used  to  determine  the  oonstants, 9—r   , 

Sufficient  pressure  was  applied  orally  through  the  plastic  tube  to 
position  the  membrane  surface  at  the  center  of  the  model  to  approxi- 
mately .3  inches  above  the  top  surface  of  the  model.  The  plastic  tube 
was  then  sealed  with  a  tube  clamp. 

Experimental  data  is  compared  with  the  theoretical  membrane  in 
Tables  6  and  7,  and  Fig.  13,   Table  6  shows  the  results  obtained  in  the 
x  and  y  directions  (defined  in  Fig.  13)  and  Table  7  shows  the  results 
obtained  on  the  diagonal  (w  direction-Fig,  13),  The  total  range  of 
error  is  from  a  -,0011  inches  to  +.0085  inches  (error  defined  in  section 
4). 

The  experimental  data  obtained  in  Tables  6  and  7  are  the  results 
of  reading  one  membrane.   The  wide  range  of  error  was  caused  by  varia- 
tion of  temperature  in  the  working  area.   Better  results  would  be  ob- 
tained by  a  more  rigid  temperature  control. 
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Table 

6 

Mylar  - 

Lodel  C 

Range 

of  error  (■ 

-.0011   to  +.0047) 

Distance 

*>  y 

inches 

Theory- 
inches 

Height 

X 

inches 

Error 
inches 

Height 

y 

inches 

Error 
inches 

0 

.3432 

.3433 

+.0001 

.3433 

+  .001 

.1 

.3426 

.3418 

-.0008 

.3415 

-.011 

.3 

.3380 

.3377 

-.0003 

.3385 

+.0005 

.6 

.3222 

.3225 

+.0003 

.3238 

+.0016 

.9 

.2952 

.2954 

+.0002 

.2974 

+.0022 

1.2 

.2560 

.2580 

+.0020 

.2602 

+.0042 

1.5 

.2032 

.2058 

+.0026 

.''.079 

+.0047 

1.8 

.1350 

.1382 

+.0032 

.1395 

+.0045 

2.1 

.0496 

.0518 

+.0022 

.0525 

+.0029 

2.2 

.0172 

.0185 

+.0C07 

.0195 

+.0023 
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Table   7 
r    -     .odel    C 
Range  or  error  (.0000  to  +.0085) 


i stance 

Theory- 

Height 

Error 

w 

inches 

inches 

inches 

in< 

0 

.3432 

.3433 

+  .0001 

.1 

.3428 

.3428 

.0000 

.3 

.3575 

.3378 

+.0003 

.6 

.3231 

.3256 

+.0025 

.9 

.2985 

.3011 

+.0026 

1.2 

.2645 

.2679 

+.0034 

1.5 

.2229 

.2285 

+.0056 

1.8 

.1765 

.1850 

+.0085 

2.1 

.1316 

.1367 

+.0051 

2.4 

.0847 

.0892 

+.0045 

2.7 

.0373 

.0451 

+.0077 

2.9 

.0164 

.0200 

+  .0034 

3.0 

.0093 

.0115 

+  .0022 
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6.   Conclusions. 

This  investigation  was  concerned  primarily  with  the  study  of 
i  Lai 8  for  use  as  membranes  as  applied  to  Prandtl's  membrane  analogy, 
(  I  her  points  of  interest  were  the  methods  developed  for  measuring  the 
contour  of  the  membrane.   The  conclusions  of  this  investigation  may  be 
summarized  as  follows: 

1.  Commercially  available  plastic  film  can  be  used  as  membranes  in 
the  zero  pressure  membrane  analogy.   Of  the  three  materials  investigated, 
dui'ont' s  Mylar  film  was  found  to  give  the  best  results.   Fair  results 
were  obtained  from  Alathon  film,  while  Saran  Wrap  proved  to  be  unaccepta- 
ble as  a  membrane  material. 

2.  The  error  caused  by  the  ability  of  the  plastic  membrane  to  sup- 
t  shear  increases  with  increase  in  membrane  angle. 

3.  The  use  of  plastic  film  as  a  membrane  material  permits  measur- 
ing the  contour  of  the  membrane  by  an  electrical  circuit  as  described 
in  Section  3.  This  method  proved  to  be  more  accurate  than  measuring 
the  c ait our  optically. 

4.   'ore  conclusive  results  for  the  pressure  membrane  analogy  will 
be  obtained  by  controlling  temperature  in  the  working  area. 
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NDIX  I 


THE  I  I  i  ,    F  THE  SURFACE  VARIATION  i  P 

:IGHTLESS  MEMBRANE  STRETCHED  OVER  A 
MODEL  '.VITH  CONCENTRIC  CIRCULAR  BOUNDARIES 


n 


The   surface  of  a  weightless  membrane  with  small  angles   is   described 
by  Laplace's  Equation, 


£1  +  1*1     !>>%- 


<9 


(Polar  coordinates) 


A  membrane  bounded  by  concentric  circular  boundaries   is   independent     of 
the  angle,  &,      Therefore  Laplace's   Equation  reduces  to 

Solving: 


. 


d2  s  a 

(2)         %  =  Ct  /**  +  (\ 

Bounds.ry  conditions:    (1)    g  .  /£  ~Jt 

(2)  %  =  £,)  K-Jt.z 

Substituting  the  bound  ory  conditions   into  equation  (2), 

0)  o  =  c,  /rf'K  +£z. 
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c,  =  -*, 


in  Jt> 
In  <i, 


(?)  Z  -  0, 


t 
X,. 
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CX  II 


2 

T 


THE  SOLUTION  OF  THE  SURFACE  VARIATION 

OVER  A  .  ODEL 
JITI1  CONCENTRIC  CIRCULAR  BOUNDARIES 


-| 


' 


*/ 


The  variation  of  weight  of  a  membrane  with  its  slope  is  negligible 
b.  small  angles.  This  permits  describing  the  membrane  surface  using 
Poisson' s  Equation  as  follows: 

(,)  I  * 

1  '  ( 

..here  A  -  weight  per  unit  area  (lbs/sq.in.) 
S  -  Tension  in  the  membrane  (psi/in.) 


c/X. 


5 


+  c. 


■     Z       , '  1)4*+ <  ^**  *  ^ 


* 


38 


Boundary  conditions: 


)   2=c 

)     %  =  *,        -c       *a 


C--[4(        ')  +  *,] 


n  Jc, 


r 
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APPENDIX  III 
DIAGRAM  OF  MODELS 


Zero  Pressure  Models  A  and  B 
FIG.  14 


Full  Scale 
I  ftterialJ    Aluminum 
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A-  i revents   pressure  under  the  membrane 

B-    Groove  for   securing  the  model 

C-  Knife   edge  for  minimum  contact  of  rrjembrane  with  model 

D-   Groove  for  holding  membrane 


Full   Scale 
liateri0!:   Aluminum 
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Zero  Pressure  Model  B 
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Pressure  Model  C 
FIG.    15 
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